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We study the gravity in the context of a braneworld teleparallel scenario. The geometrical setup is
assumed to be Randall–Sundrum II model where a single positive tension brane is embedded in an
inﬁnite AdS bulk. We derive the equivalent of the Gauss–Codacci equations in teleparallel gravity and
junction conditions in this setup. Using these results we derive the induced teleparallel ﬁeld equations
on the brane. We show that compared to general relativity, the induced ﬁeld equations in teleparallel
gravity contain two extra terms arising from the extra degrees of freedom in the teleparallel Lagrangian.
The term carrying the effects of the bulk to the brane is also calculated and its implications are discussed.
© 2013 Elsevier B.V. All rights reserved.1. Introduction
The theory of general relativity (GR) ﬁrst introduced by Einstein
in 1916, is one of the great achievements of theoretical physics.
The remarkable agreement of GR with experimental data, at least
in the solar system scales, turns it into one of the most success-
ful theories ever developed. However there are some dark spots
that it is not able to answer. The theory has a remarkable suc-
cess when describing the macroscopic gravitational phenomena
but it breaks down on a microscopic level due to the problem
of quantization and existence of singular solutions. It is obvious
that in extremely high energy levels (Planck scale) the theory of
GR breaks down, hence the idea of modifying gravity came to
existence. One of these ideas is higher dimensional world the-
ory which originated by the work of Kaluza and Klein [1]. They
considered the extra dimension in their attempt to unify electro-
magnetism with gravity. In 1998, Arkani-Hamed, Dimopoulos and
Dvali (ADD) showed that the extra dimension can be in order of
0.1 mm [2]. The extra dimensions of the ADD scenario are ﬂat and
the model postulates that the Standard Model ﬁelds are conﬁned
to a 4-dimensional brane, with only gravity propagating in the
bulk. In the two Randall–Sundrum (RS) models proposed shortly
afterwards, the extra dimension is not ﬂat and the bulk geometry
is curved. This leads the brane(s) to have tension so the brane(s)
and the bulk can dynamically interact with each other. Similar to
the ADD scenario, in the ﬁrst Randall–Sundrum model (RS I) the
extra dimension is still compact [3]. The RS I model consists of
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http://dx.doi.org/10.1016/j.physletb.2013.04.058two branes of tensions λ1 and λ2 bounding a slice of anti-de Sit-
ter (AdS) space. The main aim of the ﬁrst RS model was to solve
the hierarchy problem. The inter-brane separation in this model is
characterized by an extra degree of freedom called Radion. To get
the desired result of the theory the Radion should be stabilized
which brings up some complexities [4]. Moreover, the model leads
to unconventional and unacceptable cosmology in the weak-ﬁeld
limit on the brane. In the second RS model (RS II), the extra dimen-
sion is inﬁnite in size and the bulk curvature causes the gravity
to be localized on the brane [5]. The RS II model consists of a
single, positive tension brane in an inﬁnite bulk. The model can
be thought of as an RS I model when the negative tension brane
is moved to inﬁnity. This model does not address the hierarchy
problem, but has some remarkable gravitational and cosmological
implications. The elegance and geometrical simplicity of this model
had a huge impact on studies of extra dimensions and led to vast
literature researching various aspects of it in gravity [6] and cos-
mology [7]. This is the model we use as our geometric framework
in this Letter. We follow the procedure introduced by Shiromizu,
Maeda and Sasaki in 2000 [8]. They obtained the 4-dimensional
ﬁeld equations on the brane by a geometrical approach projecting
the 5-D quantities to the brane.
On the other hand, the same problems of quantization and sin-
gularities led physicists to turn to gauge theories of gravity as an
alternative to GR. General relativity is based on the principle of
equivalence which states that the effects of gravity can be locally
removed by a suitable choice of reference frame. In this reference
frame the laws of physics take the same form as in special rel-
ativity which then has global Poincare symmetry. Localizing the
Poincare symmetry leads to gauge theories of gravity [9]. These
theories have Riemann–Cartan manifold as their geometric struc-
ture and both curvature and torsion are present in them. GR is
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in the limit of vanishing torsion, however there is another alter-
native. In 1928, along with general relativity Einstein presented
another form of theory of gravity called teleparallel gravity [10].
In this theory, a set of four tetrad (or vierbein) ﬁelds form the
(pseudo-)orthogonal bases for the tangent space at each point of
spacetime and the torsion instead of curvature describes gravita-
tional interactions. Tetrads are the dynamical variables and play a
similar role to the metric tensor ﬁeld in general relativity. Telepar-
allel gravity also uses the curvature-free Weitzenböck connection
instead of the Levi-Civita connection of general relativity to deﬁne
covariant derivatives [11].
Since the ﬁrst introduction, some innovative works developed
the theory and it has been shown that teleparallel Lagrangian den-
sity only differs with Ricci scalar by a total divergence [12,13].
This shows that general relativity and teleparallel gravity are dy-
namically equivalent theories where the difference arises only in
boundary terms. However, there are some fundamental concep-
tual differences between teleparallel theory and general relativity.
According to general relativity, gravity curves the spacetime and
shapes the geometry. In teleparallel theory however torsion does
not shape the geometry but instead acts as a force. This means that
there are no geodesics equations in teleparallel gravity but there
are force equations much like the Lorentz force in electrodynamics.
In teleparallel gravity one would consider the nontrivial character-
istics of spacetime in the (pseudo-)orthogonal bases of the tangent
space (tetrad) and the spacetime is considered ﬂat. The relation
between the manifold and Minkowski metrics is
gμν = ηi jeiμe jν (1)
The Greek indices referred to coordinate basis of the manifold and
the Latin indices referred to basis of the tangent space. Both in-
dices run from 0 to the dimension of the spacetime. Only the spin
connection Aabc acts on tangent space indices and the Weitzen-
böck connection Γ ρμν only acts on spacetime indices. The spin
connection in teleparallel gravity is only related to the Weitzen-
böck connection like general relativity which is only related to the
Levi-Civita connection. To satisfy the absolute parallelism condi-
tion in teleparallel gravity, the spin connection is supposed to be
vanished. This leads to lack of spinor ﬁelds which guarantees the
equivalence of the two theories. One can deﬁne the curvature and
torsion with respect to spin connection and vierbeins [13] which
in teleparallel gravity leads to zero curvature and nonzero torsion
as
T ρμν ≡ eρi
(
∂μe
i
ν − ∂νeiμ
)
(2)
In attempts to obtain the accelerated expansion of the universe the
extended version of the theory has been presented. In f (T ) gravity,
in analogy with f (R) the higher order terms of T are considered
in the Lagrangian of teleparallel action. In the case of f (T ) = T the
Lagrangian can be assumed to be locally Lorentz invariant. Never-
theless, for f (T ) = T the theory is not locally Lorentz invariant
anymore. This property would bring more degrees of freedom to
the theory in comparison with f (R) gravity [14]. For more infor-
mation about the theory and its extended versions see [15] and
references therein. Notwithstanding the equivalence of the two
theories, in the situations where boundary and induced terms are
present, teleparallel gravity would not be equal to general relativity
anymore. The reason for this is that for a given “induced” met-
ric, there exist an inﬁnite number of “induced” vierbeins that give
the same metric and each of these vierbeins results in different
ﬁeld equations. Such boundary terms exist in braneworld theories
which brings up the questions about the interpretation of gravity
in higher dimensional teleparallel scenarios. We wish to answersome of these questions in this Letter, using the RS II model as
our braneworld geometrical setup.
The structure of the Letter is as follows: In Section 2 we review
basic deﬁnitions of teleparallel gravity and set out the notation for
the rest of the Letter. In Section 3, we derive the equivalent of
the Gauss–Codacci equations in teleparallel gravity using our deﬁ-
nition of projection vierbein. In Section 4, the junction conditions
in our model are obtained. In Section 5, using the results of pre-
vious sections and following the procedure of Ref. [8], we derive
the induced teleparallel ﬁeld equations on the brane and ﬁnally in
Section 6 conclusion and some discussions are presented.
2. Notation and deﬁnitions
In brane teleparallel gravity we deﬁne ﬁve tetrad ﬁelds ei(xμ)
which form the basis of tangent space at each point of the man-
ifold with spacetime coordinates xμ: ei .e j = ηi j . The Latin in-
dices label the tangent space coordinates while Greek indices la-
bel spacetime coordinates. Both sets of indices take the values
0,1,2,3,5 to agree with conventional notation. ei(xμ) is a vector
in the tangent space and can be expressed in terms of its compo-
nents in the coordinates space as eμi which is called the vierbein.
Vierbeins are also vectors in spacetime. The relation between the
Minkowski and the spacetime metrics is as mentioned in Eq. (1).
The inverse vierbein is deﬁned by the relation eμi e
j
μ = δ ji . The vier-
bein is also a matrix that transforms between the tetrad frame and
the coordinate frame.
The connection in teleparallel theory, the Weitzenböck connec-
tion, is deﬁned as
Γ ρμν = eρi ∂νeiμ (3)
By this deﬁnition, the torsion tensor and its permutations are [12]
T ρμν ≡ eρi
(
∂μe
i
ν − ∂νeiμ
)
(4)
Kμνρ = −1
2
(
Tμνρ − T νμρ − Tρμν
)
(5)
Sρ
μν = 1
2
(
Kμνρ + δμρ T ανα − δνρ T αμα
)
(6)
where Kμνρ is the contortion tensor which is the difference be-
tween the Levi-Civita and the Weitzenböck connections and Sρμν
is called the superpotential. It should be noted that the superpo-
tential tensor carries all the extra degrees of freedom in telepar-
allel gravity. In fact, due to (anti-)symmetrical properties of the
Weitzenböck connection, compared to general relativity, there are
more possible contractions that can be used to deﬁne the La-
grangian of the theory. In correspondence with Ricci scalar we
deﬁne a torsion scalar as
T = Sρμν T ρμν (7)
so the gravitational action is
I = 1
16πG
∫
d5x|e|T (8)
where |e| is the determinant of the vierbein eaμ which is equal to√−g . Variation of the above action with respect to the vierbeins
will give the (5-dimensional) teleparallel ﬁeld equations
e−1∂μ
(
eeρi Sρ
μν
)− eλi T ρμλSρνμ + 14eνi T = 4πGe
ρ
i Ξ
ν
ρ (9)
where Ξνρ is the 5-dimensional matter energy–momentum ten-
sor. Since in the Randall–Sundrum II setup, the bulk is assumed
to be empty except for a cosmological constant and the matter
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5-dimensional stress–energy tensor as
Ξμν = −Λ5gμν + δ(y) 8π
M35
[−λgμν + τμν ] (10)
where Λ5 is the 5-dimensional cosmological constant, λ is the
brane tension and τμν is the matter stress–energy tensor of the
brane which is assumed to be located at y = 0.
3. Induced quantities on the brane: Gauss–Codacci equations
Randall–Sundrum II geometry consists of a 4-dimensional hy-
persurface or brane embedded in a 5-dimensional AdS bulk. In or-
der to derive the induced teleparallel ﬁeld equations on the brane,
it is necessary to know how the 5-dimensional quantities can be
projected into the 4-dimensional hypersurface (brane). The projec-
tion tensor on the brane, qμν , is deﬁned as
qμν = gμν − nμnν (11)
where nμ is the unit normal vector on the brane. With this deﬁni-
tion we can also deﬁne a projection vierbein
hμi = eμi − nμni (12)
One should note that the projection vierbein deﬁned here is not
unique. One can deﬁne other vierbeins to give the same induced
metric (11). hμi acts as a projection operator on the hypersurface as
one can easily check. Any vector vi can be decomposed into parts
tangent and perpendicular to the hypersurface vi = vi‖ + v⊥ni . Act-
ing the projection vierbein on this, we get
hμi v
i = (eμi − nμni)(vi‖ + v⊥ni)= vμ‖ (13)
so the projection vierbein projects the vector to the hypersur-
face and also changes indices from coordinate to tangent and vice
versa. Using the above equation we can deﬁne a covariant deriva-
tive operator on the brane, Dμ , by projecting all the indices in the
5-dimensional covariant derivative using hμi
DμT
α1...αn
β1...βm
= hα1i1 ...h
αn
in
h j1β1 ...h
jn
βn
hkμ∇kT i1...inj1... jm (14)
In order to derive the equivalent of the Gauss–Codacci equations in
teleparallel gravity, we start with the following general equation.
For any vector Xa we have
∇d∇c Xa − ∇c∇d Xa = Rabcd Xb + T ecd∇e Xa (15)
Here the covariant derivative is with respect to a general connec-
tion that has both curvature and torsion. In teleparallel gravity,
where the connection is Weitzenböck, the Riemann tensor iden-
tically vanishes, so we have
∇d∇c Xa − ∇c∇d Xa = T ecd∇e Xa (16)
where ∇ is the Weitzenböck covariant derivative here. Using the
above equation we can write
DμDν Xρ − DνDμXρ = (N−1)T αμνDα Xρ (17)
where N is the dimension of the spacetime (5 in Randall–Sundrum
setup) and Dμ is the Weitzenböck covariant derivative on the
brane. Substituting (14) in Eq. (17) and also considering the fact
that the Weitzenböck covariant derivative of the tetrad vanishes,
we arrive at the teleparallel equivalent of the Gauss equation after
some straightforward algebra
(N−1)T ρμν = hρh jνhiμ(N)T ki j (18)kThe interesting point is that unlike general relativity where the
extrinsic curvature explicitly enters the equation, the “extrinsic tor-
sion” is not present on the R.H.S. of the Gauss equation in telepar-
allel gravity. The reason lies in the form of Eq. (16). In general
relativity the arbitrary vector appears on the R.H.S. but in telepar-
allel gravity covariant derivative of the vector appears. Substituting
4-dimensional covariant derivative with 5-dimensional ones results
in term involving the extrinsic torsion to drop out of the ﬁnal re-
sult.
Starting with (18), we can now project all the terms on the
L.H.S. of the teleparallel ﬁeld equation on the brane (9). The results
are
(N−1)Sρμν = (N)Sρμν +
[
nμnρnin
keνj + nknρnνn jeμi
+ nμninνn jekρ − nkeμi nρeνj − nμnρekjeνj
− nμnρninknνn j
]
(N)Sk
i j (19)
(N−1)T ρμλ(N−1)Sρνμ = (N)T ρμλ(N)Sρνμ +
[
nknλn
νn j − ekλnνn j
− e jνnknλ
]
(N)Tmik
(N)Sm
ji (20)
and
(N−1)T = (N)T (21)
The left hand side of the teleparallel ﬁeld equation which we de-
note by F νl , can now be constructed by means of these relations
F νl = e−1∂μ
(
eeρl Sρ
μν
)− eλl T ρμλSρνμ − 14eνl T (22)
Combining (18), (19), (20) and (21) we have
(4)F νl =
[
e−1∂μ
(
eeρl
(5)Sρ
μν
)− eλl (5)T ρμλ(5)Sρνμ + 14e
ρ
l
(5)T
]
+ ∂μ
(
nρnl
(5)Sρ
μν
)− nλnl(5)T ρμλ(5)Sρνμ + 14nνnl(5)T
+ hρl ∂μ
[
Aμkνρi j
(5)Sk
i j]+ Aμkνρi j (5)Ski j∂μ(hhρl )
− hλl Bkνλ j (5)Tmik(5)Sm ji (23)
where we have deﬁned
Aμkνρi j = nμnρninkeνj + nknρnνn jeμi + nμninνn jekρ − nkeμi nρeνj
− nμnρekjeνj − nμnρninknνn j (24)
and
Bkνλ j = nknλnνn j − ekλnνn j − e jνnknλ (25)
4. Junction conditions
In the geometrical setup of the Randall–Sundrum II model,
the brane acts as a boundary hypersurface that connects the two
“sides” of the bulk. In order to derive the induced ﬁeld equations
on the brane, it is necessary to know how the physical quantities
change from one side of the brane to the other. This needs the
so-called junction conditions in order to deal with the disconti-
nuities across the hypersurface. This problem has been discussed
in the context of the Einstein–Cartan manifolds where both curva-
ture and torsion are present [16]. In this section we will derive the
junction conditions in our braneworld teleparallel gravity setup.
In order to derive the junction conditions, we employ the lan-
guage of distributions [17]. Heaviside distribution Θ(y) is deﬁned
as follows: it is equal to +1 if y > 0, 0 if y < 0 and indeterminate
if y = 0. It has the following properties
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Θ(y) = δ(y) (26)
where δ(y) is the Dirac distribution. With this deﬁnition, the tetrad
ﬁeld can be written in the following way
eiμ = Θ(y)eiμ(+) + Θ(−y)eiμ(−) (27)
where eiμ
(+) and eiμ(−) denote the vierbeins in the y > 0 and
y < 0 side of the brane respectively. The teleparallel connection,
the Weitzenböck connection includes the ﬁrst derivative of the
vierbein. Differentiating (27) and denoting the jump of any ten-
sorial property f across the brane by
[ f ] ≡ f + − f − (28)
we have
∂ρe
i
μ = Θ(y)∂ρeiμ(+) + Θ(−y)∂ρeiμ(−) + δ(y)
[
eiμ
]
nρ (29)
and
Γ ρμν = Θ(y)Γ ρ(+)μν + Θ(−y)Γ ρ(−)μν + Θ(y)δ(y)eρi (+)
[
eiμ
]
nν
+ Θ(−y)δ(y)eρi (−)
[
eiμ
]
nν (30)
If the last two terms remain, then the Weitzenböck connection will
include Θ(y)δ(y) terms which is not deﬁned as a distribution; so
the connection itself cannot be written as a distribution. This leads
to an ill-deﬁned geometry. In order to avoid this we impose the
condition
[
eiμ
]= 0 (31)
which if written in a coordinate independent way implies that
[
hiμ
]= 0 (32)
The equation above is the ﬁrst junction condition. This means that
the induced vierbein should be the same on both sides of the
brane.
Now the connection can be written as
Γ ρμν = Θ(y)Γ ρ(+)μν + Θ(−y)Γ ρ(−)μν (33)
So the torsion tensor becomes
T ρμν ≡ Γ ρμν − Γ ρνμ
= Θ(y)Γ ρ(+)μν + Θ(−y)Γ ρ(−)μν
− Θ(y)Γ ρ(+)νμ + Θ(−y)Γ ρ(−)νμ
= Θ(y)T ρ(+)μν + Θ(−y)T ρ(−)μν (34)
This means that the torsion tensor can be written as a distribution
and it has no δ-term. This is in contrast to the general relativ-
ity where the Riemann tensor includes a δ-term. Consequently the
superpotential and the torsion scalar also can be written as distri-
butions
Sρ
μν = Θ(y)Sρμν(+) + Θ(−y)Sρμν(−) (35)
and
T = Sρμν T ρμν = Θ(y)T (+) + Θ(−y)T (−) (36)
Now we turn our attention to the 5-dimensional teleparallel
ﬁeld equations
e−1∂μ
(
eeρl Sρ
μν
)− eλl T ρμλSρνμ − 1eνl T = 4πGeρl Ξνρ (37)4where Ξνρ is the 5-dimensional energy–momentum tensor. Any
discontinuity (δ-term) on the left hand side of the above equa-
tion should be related to the matter energy–momentum tensor on
the brane via the second junction condition which we seek to de-
rive here. From Eqs. (34), (35) and (36) and the form of the ﬁeld
equations, it is obvious that the only term which is capable of pro-
ducing any δ-term and discontinuity in (37) is the ﬁrst term while
the other two terms have no δ-term. Using (35) we’ll have
∂μ
(
Sρ
μν
)= Θ(y)∂μ(Sρμν(+))+ Θ(−y)∂μ(Sρμν(−))
+ δ(y)[Sρμν]nμ (38)
Assuming the bulk to be empty except for a cosmological con-
stant Λ5, the 5-dimensional energy–momentum tensor can be de-
composed as
Ξνi = −Λ5eνi + δ(y)Ωνi (39)
where Ωνi is the matter energy–momentum tensor on the brane.
Equaling the δ-terms on the two sides of the teleparallel ﬁeld
equation (37), we get
eρi
[
Sρ
μν
]
nμ = 4πGΩνi (40)
This is the second junction condition. It implies that the jump in
the superpotential tensor across the brane is related to the matter
energy–momentum tensor conﬁned to the brane.
5. Induced teleparallel ﬁeld equations on the brane
The derivation of the ﬁeld equations in GR is usually conducted
in the Gaussian Normal Coordinates (GNC). In the context of gen-
eral relativity, GNC is constructed as follows: On a given hyper-
surface Σ , the unique geodesic is constructed with tangent vector
na through each point of Σ . Then each point in a neighborhood
of Σ is labeled by the aﬃne parameter y along the geodesic on
which it lies and also by the arbitrary coordinates (x1; . . . ; xn−1)
of the point p ∈ Σ from which the geodesic originated. Then
(x1; . . . ; xn−1; y) deﬁnes the GNC system. This relation na dxa = dy
then holds and the metric takes the form
ds2 = gab dxa dxb = qμν dxμ dxν + dy2 (41)
The brane now can be chosen to be located at y = 0 without any
loss of generality. A similar approach can be adopted in teleparallel
gravity. We note that the ﬁrst four vectors of the basis of the 5-D
tangent space (ea, e5) deﬁne the 4-D basis of the tangent space of
the hypersurface and we choose the ﬁfth vector to coincide with
the unit normal vector to the brane. Then any vector in the co-
ordinate basis eμ can be expressed as eμ = eaμea + e.5μe.5, where
.5 denotes the ﬁfth component in the tangent space [9]. The local
orthogonality of nμ and the brane leads us to conclude that the
expansion of e5 cannot contain any vector in the hypersurface, so
we will have [9,18]
eα = eaαea + e.5α e.5, e5 = e.55 e.5 (42)
where a,b,α,β = 0,1,2,3. The orthonormality condition eμi eiν =
δ
μ
ν and e
μ
i e
j
μ = δ ji takes the form ea5 = 0. The pentad and the in-
verse pentad then generally will be
eiμ(x, y) =
(
eaα 0
e.5α e
.5
5
)
and
eμi (x, y) =
(
eαa e
α
.5
5
)
0 e.5
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rection of the extra dimension nμ = (0,0,0,0,1). Using this choice
and the deﬁnition of the induced vierbein (12), we can express the
pentad components as
eaα = haα
ea5 = 0, e.5α = LαΦ, e.55 = Φ
eα.5 = 0, e5a = −hαa Lα, e5.5 = Φ−1 (43)
Here Φ and Lα are two extra degrees of freedom in brane telepar-
allel gravity. The 5-D metric now can be constructed with this
pentad using Eq. (1). Note that we did not impose any restriction
on the geometry here but merely used the orthonormality condi-
tion and existence of the brane to write the 5-D metric in a certain
form.
All the elements required to derive the induced teleparallel
ﬁeld equations on the brane are now prepared. The quantities
can be evaluated on either side of the brane by imposing the
Z2-symmetry. Using the junction condition (40) to relate Sρμνnμ
terms in (23) to the matter energy–momentum on the brane, we
have
(4)F νl = −Λ5hνl + (4πG5)2Πνl + Eνl (44)
where we have deﬁned
Πνl = −
3
4
hiρΩ
ν
i Ω
ρ
l +
3
8
hρl ΩΩ
ν
ρ +
1
32
hνl Ω
ρ
i Ω
i
ρ +
1
32
hνl Ω
2
+ 1
4
Φ2
(
1+ Lμ Jμ
)
δνρΩΩ
ρ
l +
1
4
Φ2
(
1+ Lμ Jμ
)
δνl Ω
2 (45)
and
Eνl = nρnl∂μ
(
Sρ
μν
)+ Sρμν(nρ∂μnl)+ Sρμν(nl∂μnρ)
+ hρl Sρμν
(
ni∂μni
)+ [nμnρninkeνj
+ nνnρn jnkeμi + nμnin jnνekρ − nknρeμi eνj
− nμniekρeνj − nμnρninknνn j
]
Sk
i j∂μ
(
hhρl
)
(46)
where we have deﬁned J i = Φ−1∂iΦ and the normal vector is
purely in the direction of the extra dimension (only its 5th compo-
nent is nonzero). By further decomposing the brane stress–energy
tensor into the brane tension and energy–momentum tensor of the
matter
Ωνl = −λhνl + τ νl (47)
where λ is the tension of the brane in 5 dimensions and τ νl is the
energy–momentum tensor, Eq. (44) can be written as
(4)F νl = −Λ4hνl + 4πG4τ νl + (4πG5)2πνl + Eνl (48)
where
Λ4 = Λ5 + (4πG5)2λ2 (49)
and
G4 = (4πG5)
2λ
3π
(50)
and λ is the brane tension and hνl is the induced vierbein. We also
have
πνl = −
3
4
τ νρ τ
ρ
l +
3
8
ττ νl +
3
8
hνl τ
ρ
i τ
i
ρ +
3
16
hνl τ
2
+ 1Φ2(1+ Lμ Jμ)δνl τρi τ iρ + 1Φ2(1+ Lμ Jμ)δνl τ 2 (51)4 4Eq. (48) is the induced teleparallel ﬁeld equation on the brane. The
last two terms in (51) are not present in GR version of ﬁeld equa-
tions. They are extra terms arising from extra degrees of freedom
in teleparallel gravity. In general relativity by using a metric in the
form of (41), it is possible to determine the πνl term purely using
the quantities on the brane. However in teleparallel gravity with a
‘pentad’ in the form of (43), the existence of 5−μ terms makes it
impossible to completely determine this term using the 4-D geom-
etry of the brane. The last two terms in (51) can only be calculated
by knowing the full 5-D geometry. Using the form of ‘pentad’ (43),
we can also calculate the explicit form of the term Eνl , the various
components of it are
Eαa = hβa Lβ∂μ
(
δ
μ
ρ T
σ α
σ
)
nρ + hβa Lβ T σ ασ
− hβa Lβ
[
2
(
∂μ∂
μLα − ∂μ∂αLμ
)
+ 2(∂μ( JμLα)− ∂μ( JαLμ))]
+ 2[(∂μLα − ∂αLμ)+ 2( JμLα − Jα Lμ)]∂μ(hβa Lβ)
Eα.5 = LαΦ∂μ
(
T σ μσ
)+ LαΦ∂μ(T σ μσ )
+ 2LαΦ[∂μ Jμ − ∂μ∂5Lμ − ∂μLμ J5]
+ [ Jμ + ∂5Lμ + Lμ J5]∂μ(LαΦ)
E5a = hβa Lβ∂μ
(
T σ μσ
)+ hβa Lβ T σ ασ
− hβa Lβ
[
∂μ J
μ − ∂μ∂5Lμ − ∂μLμ J5
]
+ [ Jμ + ∂5Lμ + Lμ J5]∂μ(hβa Lβ)
e5.5 = 2Φ
[
∂μ J
μ − ∂μ∂5Lμ − ∂μLμ J5
]
+ [ Jμ + ∂5Lμ + Lμ J5]∂μΦ (52)
The torsion tensor can be decomposed into three components [19],
namely a vector part:
Vμ = T ννμ (53)
an axial part:
Aμ = 1
6
μνρσ Tνρσ (54)
and a purely tensorial part:
Pλμν = 1
2
(Tλμν + Tμλν) + 1
6
(gνλVμ + gνμVλ) − 1
3
gλμVν (55)
It is obvious from Eq. (52) that the Eνl consists only the vector
part of the bulk torsion tensor. It may be useful to remember that
in GR the corresponding term is given by the projection of the bulk
Weyl tensor into the brane. In the cosmological context, when the
Friedmann equation come to account, the corresponding term in
GR results in the so-called dark radiation term. This term plays
a crucial role in studying the dynamics of cosmological perturba-
tions. The role of this term in teleparallel gravity is currently under
investigation by the present authors.
6. Conclusion and discussion
Gauge theories of gravity which have the teleparallel theory as
a special case, are a promising way to make the theory of gravity
more acceptable at microscopic level. Also the existence of higher
dimensions has been predicted in various candidates of the the-
ory of quantum gravity like string theory. It is natural to seek that
how the gauge theories of gravity and specially teleparallel theory
behave in a higher dimensional setup. In four dimensions, there
are 10 independent components of the metric but 16 independent
components of the tetrad. Also there are inﬁnite number of tetrads
206 A. Behboodi et al. / Physics Letters B 723 (2013) 201–206that can be chosen to construct any given metric. Each of these
tetrads is related through a Lorentz transformation (or rotation) in
the tangent space. In this Letter using a projection vierbein in the
form of (12), we have derived the equivalent of the Gauss–Codacci
equations in brane teleparallel gravity. Similar to general relativ-
ity, any discontinuity in the geometrical part of the ﬁeld equation
should be related to the brane stress–energy content through junc-
tion conditions. In general relativity these junction conditions are
given in terms of the jump in the extrinsic curvature across the
brane. However in teleparallel gravity the jump in the normal part
of the superpotential tensor is related to the matter on the brane
(Eq. (40)). Using these relations, we derived the induced telepar-
allel ﬁeld equation on the brane (Eq. (47)). Compared to general
relativity there are two extra terms in the teleparallel version of
the ﬁeld equation corresponding to extra degrees of freedom in
the theory. In general relativity the term carrying the effects of the
bulk on the brane is given by the projection of the bulk Weyl ten-
sor on the brane. However in our brane teleparallel gravity model
this term is given by Eq. (52). This means that the corresponding
term in teleparallel gravity consists of the projection of the vector
part of the bulk torsion tensor on the brane.
Appendix A
In this appendix we present the detailed proof of the Gauss
equation in teleparallel gravity, Eq. (18). From the deﬁnition of the
covariant derivative on the brane, Eq. (14), we have for any arbi-
trary vector Xρ
DμDν Xρ = hlνhmρ hkμhαl hβm∇k
[
hiαh
j
β∇i
(
eγj X j
)]
= hlνhmρ hkμhαl hβmhiαh jβ∇k∇i
(
eγj X j
)
+ hlνhmρ hkμhαl hβm∇k
(
hiαh
j
β
)∇i(eγj X j) (A.1)
Swapping μ and ν and subtracting, we have from Eq. (17)
(N−1)T δμνDδ Xρ = hlνhmρ hkμhαl hβmhiαh jβ∇k∇i
(
eγj X j
)
+ hlνhmρ hkμhαl hβm∇k
(
hiαh
j
β
)∇i(eγj X j)
− hlμhmρ hkνhαl hβmhiαh jβ∇i∇k
(
eγj X j
)
− hlμhmρ hkνhαl hβm∇i
(
hiαh
j
β
)∇k(eγj X j) (A.2)
We now use the deﬁnition of the projection vierbein (12) and the
fact that the Weitzenböck covariant derivative of the tetrad ﬁeld is
zero. The result after some manipulation is
(N−1)T δμνDδ Xρ = hiνh jρhμk eγj (N)T αki∇α Xγ
+ eγj hlνhmρ hkμhαl hβm∇k
[(
eiα − ninα
)
× (e jβ − n jnβ)]∇i X j
− eγj hlμhmρ hkνhαl hβm∇i
(
hiαh
j
β
)∇k X j (A.3)
We now develop the R.H.S. of the above equation(N−1)T δμνDδ Xρ = (N−1)T δμνeγi h jδhiρeαj ∇α Xγ (A.4)
Combining the results and noting that hiμn
μ = h jνn j = 0, we’ll have
(N−1)T δμνeγi h
j
δh
i
ρe
α
j ∇α Xγ = hiνh jρhμk eγj (N)T αki∇α Xγ (A.5)
Removing the arbitrary vector and rearranging, we get the desired
result.
(N−1)T ρμν = hρk h jνhiμ(N)T ki j (A.6)
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